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The gravitational collapse of a spherically symmetric massive core of a star in which the fluid
component is interacting with a growing vacuum energy density filling a FLRW type geometry with
an arbitrary curvature parameter is investigated. The complete set of exact solutions for all values
of the free parameters are obtained and the influence of the curvature term on the collapsing time,
black hole mass and other physical quantities are also discussed in detail. We show that for the same
initial conditions the total black hole mass depends only on the effective matter density parameter
(including the vacuum component). It is also shown that the analytical condition to form a black
hole i.e. the apparent horizon is not altered by the contribution of the curvature terms, however,
the remaining physical quantities are quantitatively modified.
PACS numbers: 97.60.-s, 95.35.+d, 97.60.Lf, 98.80.Cq
I. INTRODUCTION
In the current view of cosmology, the present acceler-
ating stage of the Universe is caused by the dark energy
component, usually represented by a cosmological con-
stant Λ [1, 2]. Its contribution to the Einstein Field Equa-
tions (EFE) is the same of a perfect simple fluid with con-
stant equation of state (EoS) parameter ω ≡ p/ρ = −1,
being interpreted as the net energy density stored on
the vacuum state of all quantum fields pervading the ob-
served Universe [3].
Although in agreement with the existing astronomi-
cal observations (both at background and perturbative
levels), Λ is plagued with the longstanding cosmological
constant problem, i.e. the huge discrepancy (∼ 120 or-
ders of magnitude) between the theoretical expectations
(ρv ∼ 10106eV 4) from quantum field theory by assuming
that the natural cutoff is related to gravity (Planck’s en-
ergy) and the present day (ρv ∼ 10−16eV 4) cosmological
bounds [4–6]. The simplest manner to alleviate such a
problem is to introduce some dynamics, or equivalently,
to replace its constant value, say, Λ0, by a time depen-
dent quantity, Λ(t) ≡ 8piGρv(t), where ρv is the vacuum
energy density (from now on a subscript zero denotes the
present day value of a quantity). In this way, the incredi-
ble small value of Λ is the result of a continuous decaying
vacuum process i.e. the value of Λ is small nowadays be-
cause the Universe is too old.
Many sources for a dynamical vacuum energy density
have been proposed in the literature [7], and several phe-
nomenological models based on different decay laws for
Λ(t) were also discussed even before the discovery of the
acceleration of the Universe [8–12]. Decay Λ(t) models
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were the predecessors of all interacting dark energy mod-
els being until nowadays a very active field of the current
research [13–18].
As happens with the cosmic history, a dynamical Λ(t)-
term can also affect the formation of black holes. How-
ever, for each evolving system, the interacting vacuum
behaves in a quite different manner. In the expanding
Universe, for instance, the vacuum energy density is a
continuously time dependent decreasing function while
for black hole formation ρv(t) is a growing quantity in
the course of the collapsing process. In the later case,
one may ask whether the increasing repulsive gravita-
tional force (due to the negative vacuum pressure) may
prevent the ultimate formation of a singularity.
Recently, Campos and Lima [19] (henceforth paper I)
discussed the formation of black holes (and naked singu-
larities) during the gravitational collapse of a fluid inter-
acting with a time-varying vacuum in the context of a flat
Friedmann-Lemaitre-Robertson-Walker (FLRW) geome-
try. For given initial conditions, they solved analytically
the basic equations describing the evolution of the two-
fluid interacting mixture and analyzed the development
of the apparent horizons before the formation of the sin-
gularity. It was shown that a time-varying vacuum en-
ergy density increases the collapsing time but, in general,
it cannot prevent the formation of black holes. Their re-
sults also suggested that the cosmic censorship hypothe-
sis (CCH), at least in its weak form, can generically vio-
lated in the presence of a time varying vacuum due to the
formation of naked singularities. In this concern, many
authors have discussed how naked singularities can ob-
servationally be distinguished from black holes through
strong gravitational lensing effects and the physics of ac-
cretion disks [20].
In this paper, we go one step further by analyzing the
influence of the curvature on the results derived in Pa-
per I. As we shall see, following a unified method first
proposed by Assad and Lima [21] for a one component
expanding simple fluid, we obtain the complete set of col-
2lapsing exact solutions for all values of the free parame-
ters describing the interacting mixture. The influence of
the curvature on the collapsing time, black hole mass and
other physical quantities are also discussed in detail. In
particular, it is found that for the same initial conditions
the black hole mass depends only on the effective matter
density parameter and that naked singularities are also
formed for a large interval of the physical parameters. It
is also shown that the analytical condition to form a black
hole i.e. the apparent horizon is not altered by the con-
tribution of the curvature terms, however, the remaining
physical properties are quantitatively modified.
II. COLLAPSING STAR WITH VARIABLE - Λ(t)
A. Geometry and Composition of the Collapsing
Star Medium
To begin with, we first remark that the basic discus-
sion here is related to black holes and naked singularities
formed from collapsing star cores. In this way, the forma-
tion process involving supermassive black holes like the
ones found in the galactic centers will not be investigated
here.
Let us now consider that the massive core of a star
medium is formed by a mixture of a isotropic simple fluid
plus a growing vacuum energy density. Inside the core
it will be assumed that the spacetime is described by a
generic FLRW geometry (c = 1):
ds2− = dt
2 − a2 (t)
(
dr2
1− k r2 + r
2dΩ2
)
, (2.1)
where a (t) is the scale factor, k = 0,±1 is the curvature
parameter and dΩ2 ≡ dθ2+sin2 θdϕ2 is the area element
on the unit sphere. Such an approximation must work
at least for the late stages of the collapsing process. The
complete spacetime may be divided into 3 different re-
gions, namely: V ± and Σ, where V +(V − ) is the exterior
(interior) of the massive core, and Σ denotes the surface
of the massive collapsing core. Following standard lines,
in this paper we shall focus our attention mainly in the
spacetime inside the star core [19, 22].
The EFE inside the star medium can be written as:
Gµν− = 8piG
[
T µν− (f) + T
µν
− (v)
]
, (2.2)
where Gµν− is the Einstein tensor and T
µν
− (f)
, T µν− (v) are
the energy-momentum tensor (EMT) of the fluid compo-
nent and vacuum, respectively. T µν− (v) ≡ ρvg
µν
− , where
ρv = Λ(t)/8piG.
The Einstein tensor is divergenceless, and, therefore,
the EFE imply that a variable-Λ(t) is possible if at least
one of the two following conditions are satisfied: (i)
T µν− (f) is not separately conserved, i.e., T
µν
− (f)
;ν 6= 0, and
(ii) T µν− (f);ν = 0 but G is a time dependent quantity [23].
In this paper we assume that the fluid and vacuum com-
ponents are interacting and G is constant.
B. Basic Equations and Solutions
In the background given by Eq. (2.1), the EFE for the
interacting mixture (perfect fluid plus a vacuum compo-
nent) can be written as:
8piGρf + Λ (t) = 3H
2 +
3k
a2
, (2.3)
8piGpf − Λ (t) = −2H˙ − 3H2 − k
a2
, (2.4)
where a dot means time derivative, H = a˙/a < 0 is
the “Hubble function” and ρf , pf are, respectively, the
energy density and pressure of the fluid component which
obeys the equation of state
pf = ωρf , (2.5)
where 0 ≤ ω ≤ 1 is a constant parameter. The energy
conservation law which is is contained in the EFE equa-
tions reads:
ρ˙f + 3
a˙
a
(ρf + pf ) = −ρ˙v. (2.6)
For the sake of generality, in what follows we consider
that the Λ(t)-term is given by:
Λ = Λ0 + 3βH
2 + 3β
k
a2
, (2.7)
where β is a dimensionless constant parameter and the
factor 3 was added for mathematical convenience [10].
This form is a natural extension of the Λ-term used in
the Paper I (see Eq.(9) there) including the curvature
effect. As one may check, it means that the fraction
β =
ρv − ρvo
ρf + ρv
, (2.8)
remains constant during the collapsing process. Such an
expression generalizes the expression derived by Sola´ and
Shapiro [24] within a renormalization group approach
(k = 0) and also the one proposed by Carvalho et al.
[10] by including a bare cosmological constant Λ0.
Now, by using expressions (2.5) and (2.7), it is easy to
check that the differential equation governing the scale
factor takes the form:
aa¨+∆ a˙2 +∆k − Λ0(1 + ω)a2/2 = 0, (2.9)
where ∆ = −1 + 3(1 + ω)(1 − β)/2. By integrating the
above equation we obtain for the first integral:
a˙2 = b
(ai
a
)2∆
− k + Λ0a
2
3(1− β) , (2.10)
where b = (aiHi)
2 + k− Λ0a2i3(1−β) is a constant, and ai, Hi
are the initial values for the scale factor and the Hubble
parameter.
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FIG. 1: Evolution of the scale factor for closed, flat and hyperbolic geometries. The star fluid is represented by a vacuum
component interacting with radiation (ω = 1/3). The overall effect of the vacuum component for any geometry is to increase
the collapsing time relatively to a pure fluid medium (β = 0). Note also that for a selected value of β, the collapse process in
closed models (k = +1) is favored as compared to the flat case. In the hyperbolic geometry (k = −1) we have the opposite
effect.
Since Λ0 is very small, once the collapse process has ini-
tiated under the pull of the core self gravitation (a << ai)
the term containing Λ0 can be surely neglected. Hence, in
what follows we will retain only the curvature term in or-
der to quantify its effect on the black hole mass and other
physical quantities. In this case, the full integration of
the field equations can be performed by introducing the
auxiliary variable
u =
k
b
(
a
ai
)2∆
, (2.11)
which transforms Eq.(2.10) to
u˙ =
2b1/2 (k/b)A
(2A− 1) ai u
1−A
√
1− u , (2.12)
where A = 1+∆2∆ .
The inversion of Eq.(2.12) results
dt
du
=
(2A− 1) ai bA− 12
2kA
uA−1√
1− u , (2.13)
and combining with the second derivative we find
u(1− u) d
2t
du2
+
[
(1− A)−
(
3
2
−A
)
u
]
dt
du
= 0 . (2.14)
The above Eq. (2.14) is a particular case of the hyper-
geometric differential equation with parameters α1 = 0,
α2 =
1
2 −A, and α3 = 1−A, and whose solution is given
by [25]
t(u) = c1 + c2u
AF
(
1
2
, A; 1 +A;u
)
, (2.15)
where c1 and c2 are arbitrary constants and
F (α1, α2, α3, u) is the hypergeometric Gaussian function
[25]. Considering the initial condition a(t = 0) = ai, and
that for t = tc → a = 0, we can write the above solution
as
(
1− t
tc
)
=
(
a
ai
)1+∆ F
(
1
2 , A; 1 +A;
k
b
(
a
ai
)2∆)
F
(
1
2 , A; 1 +A;
k
b
) ,
(2.16)
where
tc =
H−1i F (1/2, A; 1 +A;
k
b )
(1 + ∆)
√
1 + k/a2iH
2
i
, (2.17)
is the total collapsing time. As one may check, since
F (α1, α2, α3, 0) = 1, where αi are arbitrary parameters
of the hypergeometric function, we see that for k → 0
the above expressions assume the simpler forms
a
ai
=
(
1− t
tc
) 2
3(1+ω)(1−β)
, (2.18)
tc =
2H−1i
3(1 + ω)(1− β) ,
which are identical to the solutions previously obtained
by Campos and Lima for the flat case (see Eqs. (12) and
(13) of Paper I).
It is worth noticing that for all values of β and k, the
modulus of the initial Hubble function (Hi) sets the col-
lapsing time scale to reach the singular point (a(tc) = 0),
(see Eq. (2.17)). However, for β = 1 the collapsing time
tc → ∞ and, in this case, the spacetime is nonsingular
(pure de Sitter vacuum). As in the Paper I, henceforth it
will be assumed that the vacuum parameter is restricted
on the interval 0 ≤ β < 1.
In Figure 1 we show the evolution of the scale factor as
a function of the dimensionless time Hit. Different values
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FIG. 2: Evolution of the total energy density for closed, flat and open geometries. For all cases the two fluid mixture is formed
by a vacuum component interacting with a radiation fluid (ω = 1/3). Note that the evolution of the energy densities depend
on the values of the β and curvature parameters.
for β were selected for three distinct cases: (i) a radia-
tion filled core (ω = 1/3) coupled to a vacuum growing
component and a positive curvature; (ii) an identical sce-
nario to the anterior case with null curvature; (iii) finally,
we consider a negative curvature parameter. Notice that
for a fixed curvature parameter, the collapsing time in-
creases for higher values of β. However, for a given value
of β, models with positive (negative) curvature present a
smaller (higher) collapsing time relatively to the flat case.
For the sake of completeness, we close this section on ex-
act results by exhibiting the expressions for the vacuum
and fluid energy densities:
ρv = ρvi
(ai
a
)3(1+ω)(1−β)
, (2.19)
ρf = ρfi
(ai
a
)3(1+ω)(1−β)
, (2.20)
where the initial densities, ρvi, ρfi, are related by the
expression ρvi =
β
1−βρfi.
In Figure 2, we show the time behavior of the total
energy density as a function of the dimensionless time
parameter Hit and some selected values of the pair of
free parameters (β, k). For all values of β < 1, we see
that the energy density diverges at the collapse time (tc)
which is strongly correlated with the values of β. As
should also be expected (see Fig. 1) for a given value of
β, the collapsing time is reduced (increased) for positive
(negative) curvatures as compared to the flat scenario. In
a more realistic treatment, a continuous transition from
radiation (ω = 1/3) to to the Zeldovich’s stiff-matter
fluid (ω = 1) may also occur at the late stages. Naturally,
such a final state is included in the general solutions for
a(t) and ρ(t) with similar plots appearing in Figs. 1 and
2.
C. Unified conformal time solutions
Some gain in simplicity is obtained by using the con-
formal transformation, dt = a(η)dη. In this case, the
metric given by Eq.(2.1) becomes
ds2 = a(η)2
(
dη2 − dr
2
1− k r2 − r
2dΩ2
)
, (2.21)
while the motion equation (2.9) is transformed to:
aa′′ + (∆− 1)a′2 + k∆a2 = 0 . (2.22)
Where the prime denotes conformal time derivative.
Now, by introducing the auxiliary transformation z =
a∆, Eq.(2.9) takes the following forms (see [21, 26] in the
case β = 0):
z′′ + k∆2z = 0 . (2.23)
This is a remarkable result for the interacting mixture.
We see that the auxiliary scale factor obeys the same dif-
ferential equation of a particle subject to a linear force
regardless the values of β and ω. In particular, the flat
case behaves like a free particle while for a closed geome-
try (k = 1) we have an harmonic oscillator with angular
“frequency” f = | − 1 + 3(1 + ω)(1− β)/2|.
A simple integration of above equation yields:
a(η) =
[
c1 sin
(
η∆
√
k
)
+ c2 cos
(
η∆
√
k
)]1/∆
, (2.24)
where c1 and c2 are arbitrary constants with the proviso
that the first integral given by Eq.(2.10) must be obeyed,
and we have used the inverse transformation a = z
1
∆ .
With suitable initial conditions for the collapse pro-
cess, the above solution can be rewritten as:
a(η) = ai
{√
b
k
sin
√
k∆(ηc − η)
} 1
∆
, (2.25)
5where
ηc =
1
∆
√
k
sin−1
[√
k
b
]
, (2.26)
is the collapsing time in the conformal coordinate. Insert-
ing expression (2.25) into Eq.(2.16) we obtain the general
solution for the collapsing time, t(η), regardless of the
equation of state and curvature parameters.
The hypergeometric function can be reduced to an
elementary expression for specific values of the free
parameters. In this case, the conformal solutions are
readily obtained from the general expressions of a(η)
and t(η). In order to exemplify that, let us now exhibit
the explicit solutions describing the last stages of the
collapsing core by assuming the Zeldovich stiff matter
fluid (ω = 1) plus a vacuum component (β = 1/2) for all
values of the curvature parameter.
Let us first determine the unified form of the solutions.
For ω = 1 and β = 1/2 it follows that ∆ = 1/2. In this
case, from Eqs. (2.16) and (2.25), it is easy to see that
the unified solution (for any curvature) can be written
as:
a(η) = ai b
{√
1
k
sin
[√
k
ηc − η
2
]}2
, (2.27)
tc − t = ai b
2 k

ηc − η −
sin
[√
k(ηc − η)
]
√
k

 ,(2.28)
where ηc is given by (2.26) with ∆ = 1/2. Note also that
the parameter b = a2iH
2
i + k is still free to be fixed. By
choosing b = 1 we see that H2i = (1 − k)/a2i . Therefore,
for k = 1 we have Hi = 0 and the collapse process may
start from the rest. In the simplified forms below we have
fixed b = 1 for all cases.
(i) Closed Solution:
a(η) =
ai
2
(1 + cos η) ,
tc − t = ai
2
(pi − η − sin η) ,
where the collapsing time is tc = aiηc/2 and ηc = pi,
according to (2.17) and (2.26).
(ii) Hyperbolic Solution:
a(η) =
ai
2
[cosh(ηc − η)− 1] , (2.29)
tc − t = ai
2
[sinh(ηc − η)− (ηc − η)] , (2.30)
where ηc = 2 ln(1+
√
2), and tc = ai(
√
2− ηc/2) is given
by (2.17) and (2.26).
(iii) Flat solution:
1− t
tc
=
(
ηc − η
2
)3
, (2.31)
a(η) = ai
(
ηc − η
2
)2
, (2.32)
where ηc = 2, tc = 2ai/3, and ai = H
−1
i . Combining the
above expressions one obtains the simplified form:
1− t
tc
=
(
a
ai
)3/2
,
as obtained before through a different method (see Eqs.
(2.18)).
III. BLACK HOLE FORMATION AND
APPARENT HORIZONS
An important issue on black hole physics is related
to the formation of an apparent horizon during the col-
lapsing process. In the present context such a subject
deserves a closer scrutiny since the collapsing mixture
involves a growing vacuum component.
On the other hand, by the cosmic censorship hypothe-
sis, singular points must be dressed by apparent horizons
i.e. naked singularities are forbidden [27]. This means
that when the system is approaching the singularity, an
apparent horizon should be developed inside it (before
the collapsing time tc).
Nevertheless, such a conjecture is not true in general
[28] and some examples have already been discussed in
the literature [29]. In the present case, the increasing
negative pressure of the vacuum component can be re-
sponsible by the formation of a naked singularity. As we
shall see next, for a given interval of the β parameter,
naked singularities can generically be formed for arbi-
trary values of the curvature.
The natural observers describing the behavior of the
matter fields in the FLRW geometry are comoving with
the fluid volume elements. Let us now define a constant
geometrical radius (rΣ) for the surface dividing the star
interior from the exterior, For such surface, the metric
can be written as:
ds2Σ = dτ
2 −R (τ)2 dΩ2 , (2.33)
where t = τ and R(t) = rΣa(τ). Apparent horizons are
defined by space-like surfaces with future point converg-
ing null geodesics on both sides of the surface [30, 31].
Naturally, for an initially untrapped star, the black hole
is formed only when the apparent horizon appears before
the singularity otherwise a naked singularity it will be
the final stage of the collapsing core.
As discussed by many authors [22, 32, 33], the forma-
tion of the apparent horizon is determined by the condi-
tion:
R,αR,βg
αβ = (rΣa˙)
2 − 1 + kr2Σ = 0 , (2.34)
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FIG. 3: Ratio between the the time to develop the apparent horizon (tAH) and collapsing time (tc). The plots show the case
of a radiation fluid for closed, flat and hyperbolic geometries. We see that the formation of the horizon is delayed for higher
values of β. Note that the for a given value of β the formation of the apparent horizon (as compared to the collapsing time) is
slightly favored for closed models (k = 1), and the inverse happens in the hyperbolic case (k = −1). We also remark that for
β > 0.5 the apparent horizon is not formed before the total collapsing time, and, therefore, the singularity is naked.
where (),x =
∂
∂x and R(t, r) = a(t)r.
Since the star is initially not trapped the comoving
surface is spacelike. This means that
R,αR,βg
αβ = [ra˙ (ti)]
2 − 1 + kr2 < 0 , (2.35)
which implies that 0 < (RiHi)
2 < 1− kr2.
Another important quantity is the mass function that
furnish the total mass inside the surface with radius r at
time t. Cahill and McVittie [32] wrote such a function for
a particular reference system that here takes the following
form (see also [34])
m(t, r) =
1
2
R
(
1 +R,αR,βg
αβ
)
=
1
2
R(R˙2 + kr2). (2.36)
As it appears, the first integral given by equation (2.10)
can be rewritten in the variable R = a(t)r by taking into
account the constraint to form the apparent horizon
R˙2AH + kr
2 = b r2
(
Ri
RAH
)2∆
= 1 , (2.37)
and solving for the radius of the apparent horizon we
obtain
RAH
Ri
=
(
R2iH
2
i + kr
2
) 1
2∆ . (2.38)
On the other hand, at t = tAH , the time evolution equa-
tion (2.16) implies that
tAH
tc
= 1−
(
RAH
Ri
)1+∆ F (1/2, A; 1 +A; kb (RAHRi )2∆)
F (1/2, A; 1 +A; kb )
.
(2.39)
Notice that for k = 0 the above expression reduce to
tAH/tc = 1− (RiHi)
1+∆
∆ , (2.40)
which is exactly the same one previously obtained in Pa-
per I with a slightly different notation (see Eq. (26)
there).
In Figure 3, we show the behavior of the dimensionless
ratio tAH/tc as a function of β parameter for a collapsing
radiation fluid (ω = 1/3) in different geometries (k =
0,±1). For a selected value of RiHi, we see that the
curvature effects are small in comparison to the flat case.
Note also that in the examples displayed the formation
of the apparent horizon happens before the emergence of
the singularity.
Following the same steps of paper I and using the mass
definition given by Eq. (2.36) we can calculate the total
mass of the black hole:
M(τAH) =M0
{
R2iH
2
i + kr
2
(RiHi)4∆
} 1
2∆
, (2.41)
where M0 = R
3
iH
2
i /2 is the black hole mass for k =
ω = 0. For a flat geometry (k = 0) the above expression
reduces to
M(τAH) =
1
2
R3iH
2
i (RiHi)
3(1+ω)(1−β)−3
1− 3
2
(1+ω)(1−β) , (2.42)
which is identical to the expression previously obtained
in Paper I (cf. Eq.(29) there).
In terms of solar mass units such an expression can be
rewritten as:
M(τAH) = Ri
M⊙
rS⊙
{
RiHi
√
Ωfi/(1− β)
} 1
∆
, (2.43)
where M⊙ and rS⊙ are respectively, the solar mass and
the Schwarzschild radius of the sun. In the case of a
fluid with k = 0 one finds Ωfi = 1 − β with the above
expression reducing to
M(τAH) =
RiM⊙
rS⊙
(RiHi)
2
3(1+ω)(1−β)−2 . (2.44)
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FIG. 4: Black hole masses for closed, flat and hyperbolic geometries. The ratio between the mass of the BH formed and
the mass of a pure fluid versus the β parameter. For a fixed value of the product HiRi, we see that the BH mass is not only
heavily dependent on the β parameter but decreases for higher values of β. For k = +1, 0,−1 the mass of the black hole formed
diminishes, respectively. For all geometries we have adopted the Cahill and McVittie mass definition [32].
Now, assuming Ri = 80Km and RiHi ∼ 1/2 one finds
M ∼ 13.3M⊙ for a pure radiation fluid (β = 0, ω = 1/3).
However, for β = 0.25 and the same values of Ri and Hi,
one obtains a smaller mass, namely, M ∼ 6.6M⊙. Such
results reproduce the values obtained in the paper I where
Ri was wrongly typed.
What about the influence of the curvature on the black
hole mass? Taking into account identical conditions with
a non null curvature is not difficult to conclude that the
influence of the curvature is to mildly increase (decreases)
the black hole mass for closed (k = 1) and hyperbolic
geometries, respectively. Since the black hole mass is a
positive quantity, we can also infer from (2.43) that the
vacuum parameter must satisfy
β ≤ 1− 2
3(1 + w)
, (2.45)
in order to form a black hole. For ω = 1/3 this inequal-
ity implies that β ≤ 0.5 in agreement with the results
presented in Figs. 3 and 4. Naturally, for β > 0.5 the
singularity of the fluid mixture (radiation plus vacuum)
is naked.
IV. FINAL COMMENTS
In this paper we have discussed the collapsing process
of a massive star core whose matter content is formed
by a mixture of two interacting components: a sim-
ple fluid described by the EoS, p = ωρ, ω=constant,
and a growing vacuum component. Through an unified
treatment we have taken into account the curvature ef-
fects. The vacuum energy density was supposed to sat-
isfy the constraint ρv = βρtotal where β is a constant.
From the FLRW equations this means that the dynam-
ical Λ(t)-term satisfies the relation [10, 24]: Λ(H, a) =
3βH2 + 3βk/a2, where k = 0,±1. The fluid component
satisfies all the energy conditions (weak, dominant and
strong), but the vacuum component (pv = −ρv) violates
the strong energy condition (SEC).
The main results derived here can be summarized in
the following statements:
(i) For all values of the curvature, the vacuum compo-
nent though violating the SEC does not avoid the ulti-
mate collapse of the massive core, i.e. the system reach
the singular point for a broad range of the free parame-
ters (ω, β).
(ii) For a fixed value of the initial conditions and
free parameters, we shown that the collapsing process is
slightly favored for closed geometry relatively to the flat
case. For negative curvature we have found the opposite
effect.
(iii) The time to form the apparent horizon (tAH) and
the total collapsing time (tc) were analytically obtained
through a unique expression valid for all physical values
of the free parameters ω, β and k (see Eq.(2.41)). More
interesting, by using the ratio tAH/tc was also possible
to determine when black holes or naked singularities are
formed.
(iv) The nature of the singularity is heavily dependent
on the values of the β parameter. For β < 1− 2/3(1+ω)
a black hole is formed, however, if β > 1− 2/3(1+ω) an
apparent horizon does not appear before the collapsing
time tc, and, therefore, the cosmic censorship conjecture
is violated and a naked singularity is formed. The critical
case, β = 1 − 2/3(1 + ω), defines the boundary between
naked singularities and black holes. We stress that such a
condition does not depend on the curvature. Th existence
of naked singularities is related to the vacuum pressure,
and, generically, it appears when negative pressures large
enough take place in the mixture.
Finally, we emphasize that the main caveat of the
model discussed here is related to the hypothesis of ho-
mogeneity and isotropy of the spacetime generated by the
collapsing massive star core. Presumably, it must be ap-
proximately valid at the late stages of the collapse. Note
also that the avoidance of the singularity was not possible
8even in the presence of the vacuum energy density, but,
clearly, such a prediction can be only an artifact of the
decaying model assumed in the present paper. The gen-
erality of such a result will be discussed in a forthcoming
communication.
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